This paper is concerned with oscillatory behavior of a certain class of second-order neutral delay dynamic equations
Introduction
In this paper, we are concerned with oscillation of a class of second-order neutral delay dynamic equations,
r(t) x(t) + p(t)x τ (t) + q(t)x δ(t) = , (.)
where t ∈ [t  , ∞) T := [t  , ∞) ∩ T, and
where τ  is a constant.
Throughout this paper, we assume that solutions of (.) exist for any t ∈ [t  , ∞) T . A solution x of (.) is called oscillatory if it is neither eventually positive nor eventually negative; otherwise, we call it nonoscillatory. Equation (.) is said to be oscillatory if all its solutions oscillate.
A time scale T is an arbitrary nonempty closed subset of the real numbers R. Since we are interested in oscillatory behavior, we suppose that the time scale under consideration is not bounded above and is a time scale interval of the form [t  , ∞) T . For some concepts related to the notion of time scales, see [, ] . http://www.advancesindifferenceequations.com/content/2012/1/227
Recently, there has been an increasing interest in obtaining sufficient conditions for oscillatory or nonoscillatory behavior of different classes of differential equations and dynamic equations on time scales; we refer the reader to the papers [-]. In the following, we present some details that motivate the contents of this paper. Regarding oscillation of second-order neutral differential equations, Grammatikopoulos et al. [] established that the condition
ensures oscillation of the linear neutral differential equation
Later, Grace and Lalli [] obtained that the conditions
for some positive function θ ∈ C  ([t  , ∞), R) ensure oscillation of the linear neutral differential equation
Baculíková and Džurina [] established that the conditions
ensure oscillation of the linear neutral differential equation
Recently, Zhong et al. [] improved this result, and they obtained that the conditions (.), p ≥ , p = , and
for some constant ε ∈ (, ) and for some positive function θ ∈ C  ([t  , ∞), R) guarantee oscillation of the linear neutral differential equation
Hasanbulli and Rogovchenko [] used the standard integral averaging technique to obtain some new oscillation criteria for the second-order neutral delay differential equation
For oscillation of second-order dynamic equations on time scales, Erbe et al.
[] established a sufficient condition which ensures that the solution x of the delay dynamic equation
is either oscillatory or satisfies lim t→∞ x(t) =  under the condition 
and established some oscillation results for (.) provided that  ≤ p(t) ≤  and
In particular, Tripathy [] obtained some oscillation criteria for (.) when (.) holds and  ≤ p(t) ≤ p  < ∞, and established that the condition
The question regarding the study of oscillatory properties of (.) (including the case when T = R) has been solved by some recent papers; see [, , , , , , , ] etc. Based on the conditions τ (t) ≤ t and σ (t) ≤ t, they established some results. The ideas can be divided into two aspects, i.e., comparison methods and the Riccati transformation. In order to compare our results in Section  with those related subjects in [, , , , , , , ], we list their results as follows. http://www.advancesindifferenceequations.com/content/2012/1/227
The natural question now is: Can one obtain new oscillation criteria for (.) that improve the results in [, , , , ]? The aim of this paper is to give an affirmative answer to this question. As a special case when T = R, the obtained results improve those by [, , , , ]. As a special case when p(t) = , the obtained results improve those reported in [, ].
Main results
In this section, we establish the main results. All functional inequalities considered in this section are assumed to hold eventually, that is, they are satisfied for all t large enough. For http://www.advancesindifferenceequations.com/content/2012/1/227 our further references, let us denote
and
for all sufficiently large t  and for some t  ≥ t  , where
Proof Assume that (.) has a nonoscillatory solution x on [t  , ∞) T . Without loss of generality, suppose that it is an eventually positive solution. From (.) and [, Theorem .], we obtain
Combining (.) and (.), we are led to
From (.) and (.), we have z (t) >  and r(t)z (t) <  for t ∈ [t  , ∞) T , where t  ∈ [t  , ∞) T is large enough. Define the function ω by ω(t) := η(t) r(t)z (t) z(t) + r(t)a(t) , t ≥ t  . (  .  )
Hence, we have ω(t) >  for t ∈ [t  , ∞) T and ω = η rz z + ra + η σ rz z + ra http://www.advancesindifferenceequations.com/content/2012/1/227
By virtue of (r(t)z (t)) < , we have
, and so
which implies that
On the other hand, we have by (.) that
Putting (.) and (.) into (.), we have
Now, define the function u by
Hence, we have by [, Theorem .] and (H  ) that
Note that (.) implies that
On the other hand, we have by (.) that
Putting (.) and (.) into (.), we have
Recalling (.) and (.), we have by (.) and (.) that
Hence, we have
which contradicts (.). The proof is complete.
Based on Theorem ., we have the following corollary when η(t) = t and a(t) = .
for all sufficiently large t  and for some t  ≥ t  , then (.) is oscillatory.
When T = R, we have from Corollary . the following result for the neutral differential equation (.).
Corollary . Assume (H  )-(H  ) for T = R and (.). If
for all sufficiently large t  and for some t  ≥ t  , then (.) is oscillatory.
Example . Consider the second-order neutral differential equation
where γ >  is a constant, r(t) = , p  = /, τ  = , q(t) = Q(t) = γ /t  , τ (t) = t -, and
Hence, by Corollary ., (.) is oscillatory if γ > /. Let θ (t) = t and p = p(t) = /. Then
our result is better than [, ] in some cases.
Example . For t ≥ , consider the second-order neutral delay differential equation These results show that the delay argument τ plays an important role in oscillation of second-order neutral delay dynamic equations; see the details in Example . and differences between Corollary . and Theorem ., Theorem .. Let us go through Example .. One can easily see some superiorities in comparison to those related results, e.g., Theorem . and Theorem ..
As a special case when p(t) = , the established results improve those of [, ] in some sense, which is shown by Example ..
